An explicit Runge-Kutta method for turbulent reacting flow calculations by Boretti, A. A.
NASA Technical Memorandum 10 1945 
An Explicit Runge-Kutta Method for 
Tubulent Reacting Flow Calculations 
~ 
(IdASA-TH-IClS45) A H  E X P L f C l l  IIIffGE-KUTTA 189-2 1799 
CEIHCI) PCB l U E E U l I L ' i  6 E A C I ' I h G  Z I C E  
C A L C U L A I I C I S  ( b A S A -  Lewis beaearch Center)  
17 F CSCL 21E Unclas  
G3/07 02044 14 
A.A. Boretti 
Universita ' di Firenze 
Florence, Italy 




AN EXPLICIT RUNGE-KUTTA METHOD FOR TURBULENT 
REACTING FLOW CALCULATIONS 
t 
c 
A . A .  Bore t t i *  
D i p a r t i m e n t o  d i  E n e r g e t i c a ,  U n i v e r s i t i  d i  F i r e n z e  
3 50139 F l o r e n c e ,  I t a l y  
and NASA Lewis Research Center  
C l e v e l a n d ,  O h i o  44135 U.S .A .  
SUMMARY 
The paper  p r e s e n t s  a numer i ca l  method f o r  t h e  s o l u t i o n  o f  t h e  c o n s e r v a t i o n  
e q u a t i o n s  g o v e r n i n g  s teady ,  r e a c t i n g ,  t u r b u l e n t  v i s c o u s  f low i n  two d i m e n s i o n a l  
g e o m e t r i e s ,  i n  b o t h  C a r t e s i a n  and a x i s y m m e t r i c  c o o r d i n a t e s .  These e q u a t i o n s  
a r e  w r i t t e n  i n  Favre-averaged form and c l o s e d  w i t h  a f irst o r d e r  model.  A two- 
e q u a t i o n  K-E model, where low Reynolds number and c o m p r e s s i b i l i t y  e f f e c t s  a r e  
i n c l u d e d ,  and a m o d i f i e d  eddy-breakup model a r e  used t o  s i m u l a t e  f l u i d  mechan- 
Ln cr) i c s  t u r b u l e n c e ,  c h e m i s t r y ,  and t u r b u l e n c e - c o m b u s t i o n  i n t e r a c t i o n .  The s o l u t i o n  
d ul i s  o b t a i n e d  by  u s i n g  a pseudo-unsteady method w i t h  improved p e r t u r b a t i o n  propa-  
volume f o r m u l a t i o n .  
i s  t h e n  used t o  advance t h e  flow e q u a t i o n s  i n  t h e  pseudo- t ime.  The method i s  
a p p l i e d  t o  t h e  c o m p u t a t i o n  o f  b o t h  d i f f u s i o n  and premix  t u r b u l e n t  r e a c t i n g  
flows. The computed t e m p e r a t u r e  d i s t r i b u t i o n s  compare f a v o r a b l y  w i t h  e x p e r i -  
menta l  d a t a .  
I 
w g a t i o n  p r o p e r t i e s .  The e q u a t i o n s  a r e  d i s c r e t i z e d  i n  space by  u s i n g  a f i n i t e  
An e x p l i c i t  m u l t i - s t a g e  d i s s i p a t i v e  Runge-Kutta a l g o r i t h m  
INTRODUCTION 
The d e s i g n  o f  f u t u r e  combust ion concepts  r e q u i r e s  a c c u r a t e  numer i ca l  meth- 
ods f o r  t h e  s i m u l a t i o n  o f  l i q u i d  or gaseous f u e l s  i n  a h i g h l y  t u r b u l e n t  a i r -  
s t ream ( r e f .  1 ) .  These chemical  r e a c t i n g  t u r b u l e n t  f lows i n v o l v e  f l u i d  mechan- 
i c s ,  c h e m i s t r y ,  and tu rbu lence-combust ion  i n t e r a c t i o n .  The p r e s e n t  approach i s  
devoted  t o  t h e  s o l u t i o n  o f  t h e  f u l l  t u r b u l e n t  r e a c t i n g  f low prob lem w i t h i n  an 
e n g i n e e r i n g  accuracy ,  i . e . ,  l o o k i n g  f o r  a s o l u t i o n  for  averaged q u a n t i t i e s  and 
d e s c r i b i n g  t h e  r e a c t i v e  gas as a m i x t u r e  o f  t h r e e  spec ies ,  f u e l ,  o x i d i z e r ,  and 
p r o d u c t s ,  w i t h  combust ion supposed t o  be c o n t r o l l e d  by a s i n g l e  s t e p  i r r e v e r s -  
i b l e  chemica l  r e a c t i o n .  
The r e l i a b i l i t y  o f  a numer i ca l  method i s  a f u n c t i o n  o f  b o t h  t h e  mathemat i -  
c a l  m o d e l i n g  o f  t h e  p h y s i c a l  p rocess  and t h e . s o l u t i o n  a l g o r i t h m .  The g o v e r n i n g  
e q u a t i o n s  a r e  w r i t t e n  he re  i n  Favre-averaged fo rm.  No s i m p l i f i c a t i o n  i s  used 
i n  d e r i v i n g  t h e  energy c o n s e r v a t i o n  e q u a t i o n ,  as u s u a l l y  per formed ( r e f .  8 ) .  
The c l o s u r e  i s  a c h i e v e d  by u s i n g  a f i rs t  o r d e r  model .  The K-E t u r b u l e n c e  
model adopted he re  i n c l u d e s  low Reynolds number t e r m s ,  so t h a t  t h e  e q u a t i o n s  
a r e  v a l i d  a l l  o v e r  t h e  l a m i n a r ,  t r a n s i t i o n ,  and t u r b u l e n t  r e g i o n ,  as d e s c r i b e d  
* U n i v e r s i t y  v i s i t o r .  
i n  r e f e r e n c e  2 .  Fur thermore ,  t h e  model i n c l u d e s  a d e n s i t y  g r a d i e n t  t e r m  to  
b e t t e r  s i m u l a t e  v a r i a b l e  d e n s i t y  e f f e c t s .  The m o d i f i e d  eddy break  up m i x i n g  
c o n t r o l l e d  r e a c t i o n  r a t e  e x p r e s s i o n  adopted h e r e ,  i n t r o d u c e s  a c o n c e n t r a t i o n  
g r a d i e n t  dependence o t h e r  t h a n  t h e  c l a s s i c a l  c o n c e n t r a t i o n  dependence 
( r e f .  8 ) .  T h i s  model has been developed f o r  i m p e r f e c t l y  premixed f low 
( r e f .  21 ,  b u t  i t  i s  u s e f u l  i n  cases where t h e  combust ion i s  n e i t h e r  f u l l y  p r e -  
mixed n o r  e n t i r e l y  d i f f u s i o n  c o n t r o l l e d ,  as i t  i s  l i k e l y  t o  o c c u r  under  many 
c i rcumstances  even i f  t h e  f u e l  and t h e  o x i d i z e r  e n t e r  t h e  combust ion  chamber 
i n  s e p a r a t e  s t reams.  These two models a l l o w  one t o  s i m u l a t e  f l u i d  mechanics 
t u r b u l e n c e ,  c h e m i s t r y ,  and t u r b u l e n c e - c o m b u s t i o n  i n t e r a c t i o n .  
The s o l u t i o n  i s  t h e n  o b t a i n e d  by u s i n g  a pseudo-unsteady method w i t h  
improved p e r t u r b a t i o n  p r o p a g a t i o n  p r o p e r t i e s  ( r e f .  3). Pseudo-unsteady methods 
w i t h  a r t i f i c i a l  e q u a t i o n s  a r e  q u i t e  common i n  tu rbomach inery  a p p l i c a t i o n s  
( r e f s .  9 and l o ) ,  b u t  up to  now t h e y  have r e c e i v e d  l i t t l e  use i n  comput ing 
r e a c t i n g  flows, d e s p i t e  t h e  f a c t  t h a t  t h e y  a r e  f a s t e r  and s i m p l e r  t h a n  c l a s s i -  
c a l  p r e s s u r e  i t e r a t i o n  methods. A t  low speeds, t h e  maximum a l l o w a b l e  t i m e  s t e p  
fo r  t h e  proposed a r t i f i c i a l  e q u a t i o n s  i s  indeed ( r e f .  12) v e r y  c l o s e  t o  t h e  one 
o b t a i n e d  i n  t h e  p r e s s u r e  i t e r a t i o n  method o f  r e f e r e n c e  1 1  even by u s i n g  t h e  
s i m p l e  Lax-Wendroff  a l g o r i t h m .  The e q u a t i o n s  a r e  d i s c r e t i z e d  i n  space by u s i n g  
a f i n i t e  volume f o r m u l a t i o n ,  and i n t e g r a t e d  i n  t h e  pseudo-t ime w i t h  an e x p l i c i t  
m u l t i s t a g e  d i s s i p a t i v e  Runge-Kutta a l g o r i t h m .  M u l t i - s t a g e  schemes fo r  t h e  
n u m e r i c a l  s o l u t i o n  o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  a r e  u s u a l l y  des igned t o  
g i v e  a h i g h  o r d e r  of accuracy, b u t  i n  a pseudo-unsteady s o l u t i o n  these schemes 
a r e  s e l e c t e d  o n l y  f o r  t h e i r  p r o p e r t i e s  o f  s t a b i l i t y  and damping. The f o u r  
s t a g e  adopted h e r e  a l l o w s  a CFL number o f  about  2 . 6  w i t h  only n e g l i g i b l e  
changes w i t h  r e f e r e n c e  t o  t h e  s i m p l e  Lax-Wendroff  a l g o r i t h m  b u t  w i t h  a minimum 
o f  a r t i f i c i a l  v i s c o s i t y  i n t r o d u c e d  f o r  s t a b i l i t y  purposes .  
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Govern ing  E q u a t i o n s  
The unknown v e c t o r  f i s  t h e  s o l u t i o n  o f  a system of c o n s e r v a t i o n  equa- 
t i o n s .  T h i s  system i s  w r i t t e n  i n  Favre-averaged,  d i m e n s i o n l e s s ,  v e c t o r ,  i n t e -  
g r a l  form a s  fol lows 
1 N - (Fi + Fv)dZ = s s v  s dv 
The b a s i c  dependent v a r i a b l e s  a r e  d e n s i t y ,  v e l o c i t y  and energy .  T h e i r  
c o n s e r v a t i o n  e q u a t i o n s  r e a d  as fol lows 
1 F i =  ( ; : L t p  p . V V + p . I  I v 
s = j o  0 
p E - P t Q + AH 4fu 
where from t h e  e q u a t i o n  o f  s t a t e  o f  a p e r f e c t  gas 
w i t h  
2 2 e = ( E  - V 1 2 )  = H - V 1 2 1 1 ~  
The r e a c t i v e  v a r i a b l e s  a r e  t h e  f u e l  mass f r a c t i o n  and a Schwab-Zeldov ich 
f u n c t i o n  
Q = Y f u  - Y o x / s  
T h e i r  c o n s e r v a t i o n  e q u a t i o n s  a r e  w r i t t e n  as fol lows 
F V = (:iu) 
5 
The s t r e s s  t e n s o r  1: i s  t h e  sum o f  a l a m i n a r  and a t u r b u l e n t  p a r t ,  where 
t h e  l a t t e r  i s  expressed a c c o r d i n g  t o  a c l a s s i c a l  eddy v i s c o s i t y  c o n c e p t ,  i . e . ,  
2 
T = - 3 (,/Re d i v ( V >  + p . K >  I + 2 p / R e  ( d e f ( V > )  
where 
S i m i l a r l y ,  t h e  h e a t  f l u x  v e c t o r  i s  g i v e n  by  
q = -y IC g r a d ( e > / ( R e  P r )  
w h i l e  t h e  d i f f u s i o n  v e c t o r  i s  g i v e n  by  
Dy = -TY  g rad(Y>/ (Re . Sty) 
where 
Q i- "t 
t 
I C = I C  
r = r Q + r  
The t u r b u l e n t  v i s c o s i t y  c o e f f i c i e n t  i s  expressed a c c o r d i n g l y  w i t h  t h e  
Prandt l -Ko lmogorov  f o r m u l a t i o n  
I i w h i l e  
The t u r b u l e n c e  v a r i a b l e s  a r e  t h e  t u r b u l e n c e  k i n e t i c  energy  and i t s  d i s s i -  
p a t i o n  r a t e .  T h e i r  c o n s e r v a t i o n  e q u a t i o n s  a r e  w r i t t e n  i n  t h e  f o l l o w i n g  low 
, Reynolds number and c o m p r e s s i b l e  form 
= (; : :) 
Fi = (; ' ' ') 
' V ' E  
. 
where t h e  p r o d u c t i o n  o f  t u r b u l e n t  energy  from t h e  mean f 
work due t o  t u r b u l e n c e  Q a r e  g i v e n  b y  
ow energy  P and t h e  
Q = C p  P t  (grad(  p ) .  g r a d (  p )  /pL)lRe 
t h e  low Reynolds number f u n c t i o n s  a r e  g i v e n  b y  r e f e r e n c e  2 
f, = exp( -3 .4 / (1  + Ret /50) )  
f,, = 1.0 
* E 2  = 1 .O - 0.33-exp(-Re:) 
( g r a d ( & )  )‘/Re 
( g r a d ( K ) )  /Re 
PQ 
R = - 2 .  
E 
2 
PQ RK = -2 * 
where 
Ret = p K2 Re/(pQ E )  
and t h e  model c o n s t a n t  a r e  assumed as 
C & ,  = 1.43 C&* = 1.92 S C e  = 1 . 3  S C K  = 1.0 
c = 0.09 c = 1.0 
P P 
The above two e q u a t i o n  models do n o t  t a k e  i n t o  account  t h e  p r e f e r e n t i a l  
damping o f  v e l o c i t y  f l u c t u a t i o n s  i n  t h e  d i r e c t i o n  normal to  t h e  w a l l ,  b u t  i t  i s  
q u i t e  g e n e r a l  and i t  i s  u s e f u l  i n  l a m i n a r ,  t r a n s i t i o n  and t u r b u l e n t  r e g i o n s .  
Fur thermore ,  t h e  model adopts  t h e  assumpt ions and a p p r o x i m a t i o n s  wh ich  a r e  n o r -  
m a l l y  used f o r  c o n s t a n t  d e n s i t y  f lows, b y  r e t a i n i n g  t h e  g r a d i e n t  d i f f u s i o n  
model to  be r e w r i t t e n  i n  t h e  d e n s i t y  w e i g h t e d  form w i t h o u t  any e x p l i c i t  a c c o u n t  
b e i n g  t a k e n  o f  d e n s i t y  f l u c t u a t i o n s .  However. t h e  i n t r o d u c t i o n  o f  t h e  compres- 
s i b i l i t y  t e r m  Q a l l o w s  a p a r t i a  
The r e a c t i o n  r a t e  i s  f i n a l l y  
breakup model.  The m i x i n g  c o n t r o  
= + f u  ,mi  x 
c o n s i d e r a t i o n  of v a r i a b l e  d e n s i t y  e f f e c i s .  
expressed a c c o r d i n g  t o  a m o d i f i e d  eddy- 
l e d  r e a c t i o n  r a t e  i s  g i v e n  as fo l lows 
7 
where for  i m p e r f e c t  p r e m i x i n g  we may suppose 
I 
c = c(Y 9 ,  grad(Yfu) ,  g r a d ( + ) )  f u '  
We use here ( r e f .  2 )  
c = m i n k f u ,  2 ( Y o X / s l 2 ,  K3 /c2  - grad(Yfu) '  C+2) 
The k i n e t i c s  c o n t r o l l e d  r e a c t i o n  r a t e  i s  t h e n  e v a l u a t e d  as follows 
Yox PF - exp(-AE/e) 2 @ f u , k i n  = * ' fu 
F i n a l l y ,  t h e  a c t u a l  r e a c t i o n  r a t e  i s  t a k e n  t o  be t h e  s m a l l e r  o f  t h e  v a l u e s  
from t h e  p r e v i o u s  e x p r e s s i o n s .  
A l o n g  t h e  inf low boundary,  a l l  t h e  flow v a r i a b l e s  e x c e p t  t h e  s t a t i c  p r e s -  
s u r e  a r e  s p e c i f i e d .  A l o n g  t h e  outf low boundary,  o n l y  t h e  s t a t i c  p r e s s u r e  i s  
s p e c i f i e d .  A long t h e  s o l i d  b o u n d a r i e s ,  t h e  n o - s l i p  c o n d i t i o n  r e q u i r e s  t h e  van- 
i s h i n g  o f  v e l o c i t y ,  t u r b u l e n c e  k i n e t i c  energy ,  and t u r b u l e n c e  k i n e t i c  energy  
d i s s i p a t i o n  r a t e ,  t h e  l a t t e r  b e i n g  o b v i o u s l y  i n t e n d e d  as t h e  m o d i f i e d  q u a n t i t y  
u s e d  i n  t h e  conserva t i on  e q u a t i o n s .  The s p e c i f i c  i n t e r n a l  energy  i s  t h e n  s e t  
equal  t o  t h e  v a l u e  f o l l o w i n g  from t h e  w a l l  t e m p e r a t u r e  f o r  c o n s t a n t  tempera- 
t u r e  w a l l s ,  or t h e  e n e r g y  g r a d i e n t  normal t o  t h e  w a l l  i s  s e t  equa l  to  z e r o  f o r  
a d i a b a t i c  w a l l s .  Fur thermore ,  t h e  s p e c i e s  c o n c e n t r a t i o n  g r a d i e n t  normal t o  
t h e  w a l l  i s  s e t  equa l  t o  z e r o .  A l o n g  a symmetry p l a n e  ( a x i s )  t h e  normal 
d e r i v a t i v e s  o f  a l l  t h e  f low parameters  v a n i s h ,  w i t h  t h e  e x c e p t i o n  o f  t h e  norma 
v e l o c i t y  component, to  be s e t  equa l  t o  z e r 0 .  
NUMERICAL SOLUTION 
The proposed e q u a t i o n s  a r e  s o l v e d  i n  two-d imensional  g e o m e t r i e s .  The d e r  
i v a t i o n  o f  t h e  two-d imensional  e q u a t i o n s  from t h e  p r e v i o u s  g e n e r a l  form i s  
s t r a i g h t f o r w a r d  and n o t  p r e s e n t e d  h e r e .  The e q u a t i o n s  a r e  w r i t t e n  i n  a form 
u s e f u l  i n  b o t h  C a r t e s i a n  and a x i s y m m e t r i c  geomet r ies  by i n t r o d u c i n g  a s w i t c h  
parameter  d i s t i n g u i s h i n g  between t h e s e  two c o o r d i n a t e s  ( r e f .  2 ) .  
The d i s c r e t i z a t i o n  adopted i s  a pseudo uns teady ,  f i n i t e  volume, d i s s i p a -  
t i v e ,  e x p l i c i t  one.  I n  t h e  proposed pseudo uns teady ,  t h e  s o l u t i o n  o f  t h e  
s t e a d y  e q u a t i o n s  i s  o b t a i n e d  as t h e  a s y m p t o t i c  s o l u t i o n  o f  t h e  f o l l o w i n g  a r t i -  
f i c i a l  uns teady  e q u a t i o n s  
These uns teady  e q u a t i o n s  a r e  g e n e r a l l y  c o n s t r u c t e d  i n  o r d e r  t o  o b t a i n  t h e  b e t -  
t e r  convergence r a t e ,  o b v i o u s l y  p r o v i d i n g  t h a t  t h e  s t e a d y  s t a t e  s o l u t i o n  i s  
n o t  a1 t e r e d .  
From t h e  i d e n t i t y  between t h e  convergence process  and t h e  e l i m i n a t i o n  
process  o f  t h e  i n i t i a l  p e r t u r b a t i o n s  to  t h e  s t e a d y  s o l u t i o n ,  t h e  convergence 
8 
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pa rameters  a r e  d e t e r m i n e d  i n  o r d e r  t o  improve t h e  p e r t u r b a t i o n  p r o p a g a t i o n  or 
damping. We use ( r e f .  3 )  
H = 6 r / D m a X .  
P 
where 
w i t h  
1 0 0 
0 1 0 
0 0 1 
0 0 ' 0  
f = min(M 2 - 1 ,  0) 1 
cP ) 
f 2  = max(f l  + 1 ,  
0 . . .  0 
0 . . .  0 
0 . . .  0 
f 2  . . .  0 
0 . . .  1 
Cp i s  a s m a l l  p o s i t i v e  number, and 
2 2 2  1 / 2 )  D l  = V ( (1  + M ) / 2  + C((1 - M > / 2 >  + 11 
T h i s  produces an improved p r o p a g a t i o n ,  b u t  o n l y  f o r  subson ic  f lows. 
These e q u a t i o n s  a r e  t h e n  d i s c r e t i z e d  i n  space b y  u s i n g  a f i n i t e  volume 
d i s c r e t i z a t i o n .  The mesh i s  n o n o r t h o g o n a l  and c u r v i l i n e a r ,  c o n f o r m i n g  t o  t h e  
b o u n d a r i e s  of t h e  domain, w i t h  l i n e s  i n t e r s e c t i n g  a t  a r b i t r a r y  a n g l e s ,  p r o p e r l y  
r e f i n e d  where h i g h  g r a d i e n t s  a r e  e x p e c t e d  t o  o c c u r .  
l o c a t e d  a t  t h e  i n t e r s e c t i o n  o f  t h e s e  l i n e s ,  a r e  t h e  c e n t e r s  o f  hexagonal  con- 
t r o l  volumes, o b t a i n e d  b y  c o n n e c t i n g  t h e  s i x  s u r r o u n d i n g  nodes. 
p u t a t i o n a l  domain and t h e  hexagonal  c o n t r o l  volume a r e  shown i n  f i g u r e  1 .  
The d i s c r e t i z a t i o n  nodes, 
A sample com- 
The d i s c r e t i z e d  e q u a t i o n s  a r e  w r i t t e n  as fo l low ( r e f .  2 and 4 )  
where t h e  s u b s c r i p t  j r e f e r s  t o  e v e r y  face o f  t h e  f i n i t e  volume. 
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The e q u a t i o n s  a r e  f i n a l l y  d i s c r e t i z e d  i n  t i m e  b y  u s i n g  an e x p l i c i t ,  d i s -  
s i p a t i v e  d i s c r e t i z a t i o n .  L e t  t h e  p r e v i o u s  e q u a t i o n  be r e w r i t t e n  w i t h  t h e  a d d i -  
t i o n  of a d i s s i p a t i v e  t e r m  as fol lows 
where T r e p r e s e n t s  t h e  r e s i d u a l  and D i s  t h e  d i s s i p a t i v e  te rm.  The 
e x p l i c i t  k - s t a g e  Runge-Kutta a l g o r i t h m  i s  w r i t t e n  as fo l lows ( 6 t  = CFL) 
f m + l  = f ( k )  
The d i s s i p a t i v e  terms a r e  g i v e n  as fo l lows ( r e f .  2 )  
6 
j = 1  
D" = 1 / ( 6  6 t >  
(fy - f") 
and 
a = Cn, 
j = 1  
CR1 and CQ2 a r e  v e c t o r s  o f  c o e f f i c i e n t s  o f  t h e  o r d e r  o f  u n i t y  ( r e f .  2 )  
The s u b s c r i p t  j r e f e r s  now t o  e v e r y  s u r r o u n d i n g  node i n v o l v e d  i n  t h e  
d e f i n i t e  volume a p p r o x i m a t i o n ,  and t h e  s u p e r s c r i p t  m r e f e r s  t o  l o c a l  t i m e  
m.6t .  The te rms r e f e r r i n g  t o  t i m e  m*.6t  a r e  updated  o n l y  a t  s p e c i f i c  i t e r a -  
t i o n s  and assumed c o n s t a n t  between two u p d a t i n g s .  The u p d a t i n g  r a t e  i s  t a k e n  
equal  t o  NV i t e r a t i o n s ,  t o  be d e t e r m i n e d  a c c o r d i n g l y  w i t h  a n u m e r i c a l  
o p t i m i z a t i o n .  
A f o u r - s t a g e  scheme, w i t h  t h e  s t a n d a r d  c o e f f i c i e n t s  
1 1 
3 - 2  e 2 = 3  e - -  
1 
1 - 4  e - -  
has a Courant  l i m i t  o f  about  CFL = 2.6.  
The t i m e  s t e p  i s  e v a l u a t e d  a c c o r d i n g  t o  t h e  c l a s s i c a l  CFL s t a b i l i t y  
l i m i t  a l l  o v e r  t h e  c o m p u t a t i o n a l  domain.  I t  i s  t a k e n  s l i g h t l y  s m a l l e r  t h a n  t h e  
l o c a l  CFL number i n  o r d e r  t o  t a k e  i n t o  account  t h e  n e g l e c t e d  s t a b i l i t y  l i m i t  
due t o  t h e  v i s c o u s  te rms.  
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Thanks t o  t h e  e f f i c i e n t  pseudo uns teady  s o l u t i o n ,  t h e  method appears t o  be 
r-athet-  f a s t ,  w h i l e  t h e  e x p l i c i t  f i n i t e  volume d i s c r e t i z a t i o n  a l l o w s  ease of 
u n d e r s t a n d i n g  and computer programming. 
RESULTS 
F i r s t  c a l c u l a t i o n s  were p e r f o r m e d  f o r  a p a r t i a l l y  p remixed t u r b u l e n t  
r e a c t i n g  flow. F i g u r e  2 shows s c h e m a t i c a l l y  t h e  f low domain.  E x p e r i m e n t a l  and 
t h e o r e t i c a l  r e s u l t s  a r e  p r e s e n t e d  i n  r e f e r e n c e  13. I n  t h i s  c o n f i g u r a t i o n ,  m i x -  
i n g  o f  two p a r a l l e l  s t reams,  one o f  h o t  gases and t h e  o t h e r  o f  a f r e s h  m i x t u r e  
o f  a i r  and methane, i n  a c o n s t a n t  a r e a  d u c t  i s  c o n s i d e r e d .  The h o t  j e t  causes 
a f lame t o  be i g n i t e d  and s t a b i l i z e d  i n  t h e  d u c t .  The i n l e t  d u c t ,  w i t h  a cross 
s e c t i o n  o f  100 b y  100 mm2, i s  s p l i t  i n t o  two p a r t s .  The upper  s e c t i o n  (80  by 
100 mm2) i s  a s s i g n e d  t o  t h e  f r e s h  a i r  and methane m i x t u r e ,  w i t h  a v e l o c i t y  of 
65  m / s ,  a tem e r a t u r e  o f  580 K ,  and a m i x t u r e  r a t i o  o f  0.8; t h e  l o w e r  one 
v e l o c i t y  o f  130 m / s  and a t e m p e r a t u r e  o f  2000 K ;  t h e  w a l l s  a r e  i n s u l a t e d .  
(20 by 100 mm 9 ) i s  a s s i g n e d  t o  t h e  p i l o t  f l a m e  made up o f  h o t  gases, w i t h  a 
C a l c u l a t i o n s  were p e r f o r m e d  on a 35 by 45 c o m p u t a t i o n a l  g r i d ,  n o n u n i f o r m  
b u t  o r t h o g o n a l .  
i t e r a t i o n s  w i t h  a t o t a l  CPU t i m e  o f  a b o u t  1-1/2 h r  on  a VAX 8800. F i g u r e s  3 
and 4 show a compar ison of  p r e d i c t e d  /method 2 /  and measured t r a n s v e r s e  temper- 
a t u r e  p r o f i l e s  a t  x = 42 mm and a t  x = 122 mm. The agreement i n  b o t h  sec- 
t i o n s  l i e s  w i t h i n  e n g i n e e r i n g  a c c u r a c y .  The i n t r o d u c t i o n  o f  t h e  i n f l u e n c e  of 
k i n e t i c s  i n  t h e  e v a l u a t i o n  o f  t h e  r e a c t i o n  r a t e  and a b e t t e r  c a l i b r a t i o n  of t h e  
model c o n s t a n t s  l e a d s  to  a b e t t e r  a c c u r a c y  t h a n  t h e  one o b t a i n e d  i n  r e f e r e n c e  2 
/method 11, even i f  a t  x = 122 mm t h e  t e m p e r a t u r e s  i n  t h e  m i x i n g  l a y e r  a r e  
s t i l l  u n d e r e s t i m a t e d .  
C o n v e n t i o n a l  s teady  s o l u t i o n s  were o b t a i n e d  i n  about  Z x 1 0 3  
The method has t h e n  been a p p l i e d  t o  a t u r b u l e n t  d i f f u s i o n  r e a c t i n g  f low. 
F i g u r e  5 shows s c h e m a t i c a l l y  t h e  f low domain. E x p e r i m e n t a l  and t h e o r e t i c a l  
r e s u l t s  a r e  p r e s e n t e d  i n  r e f e r e n c e  8. I n  t h i s  c o n f i g u r a t i o n ,  t h e r e  i s  a cen- 
t r a l  j e t  of f u e l ,  s u b s t a n t i a l l y  methane, w i t h  a v e l o c i t y  o f  21 .3  m / s  and a t e m -  
p e r a t u r e  of 300 K ,  and a c o n c e n t r i c  j e t  o f  o x i d i z e r ,  w i t h  a v e l o c i t y  o f  
34 .3  m / s  and a t e m p e r a t u r e  o f  589 K .  The o u t e r  r a d i u s  o f  t h e  f u e l  j e t  i s  8 mm, 
t h e  i n n e r  and o u t e r  r a d i u s  o f  t h e  a i r  j e t  a r e  r e s p e c t i v e l y  1 1 . 1  and 2 8 . 6  mrn. 
The r a d i u s  of t h e  combustor  i s  1 0 1 . 6  mm. The w a l l  t e m p e r a t u r e  i s  1140 K .  
C a l c u l a t i o n s  were p e r f o r m e d  on a 45 by 45  c o m p u t a t i o n a l  g r i d ,  nonun i fo rm 
b u t  o r t h o g o n a l .  C o n v e n t i o n a l  s t e a d y  s o l u t i o n s  were o b t a i n e d  i n  l e s s  t h a n  3x103 
i t e r a t i o n s  w i t h  a t o t a l  CPU t i m e  o f  a b o u t  3 h r  on a VAX 8800. F i g u r e s  6 and 7 
show a compar ison o f  p r e d i c t e d  /method 2 /  and measured r a d i a l  t e m p e r a t u r e  p r o f -  
i l e s  a t  x = 95 mm and x = 398 mm. 
Even i f  t h e  a c c u r a c y  appears t o  be n o t  o p t i m a l ,  t h e  proposed method a l l o w s  
a b e t t e r  a c c u r a c y  t h a n  t h e  method p r e s e n t e d  i n  r e f e r e n c e  8 /method 11, d e s p i t e  
t h e  s i n g l e  s t e p  chemica l  r e a c t i o n  adopted  h e r e .  T h i s  i s  s u b s t a n t i a l l y  due t o  a 
b e t t e r  m o d e l i n g  o f  t h e  r e a c t i o n  r a t e .  The m i x i n g  c o n t r o l l e d  r e a c t i o n  r a t e  of 
r e f e r e n c e  8 i s  s i m p l y  t a k e n  p r o p o r t i o n a l  t o  t h e  s m a l l e r  v a l u e  o f  t h e  f u e l  and 
t h e  o x i d i z e r  c o n c e n t r a t i o n .  The p r e s e n t  m i x i n g  c o n t r o l l e d  r e a c t i o n  r a t e  i s  
t a k e n  p r o p o r t i o n a l  t o  t h e  f u e l  c o n c e n t r a t i o n  g r a d i e n t s  w i t h  l i m i t a t i o n s  a r i s i n g  
from t h e  a v a i l a b i l i t y  o f  f u e l  and o x i d i z e r .  
1 1  
I n  a laminar  d i f f u s i o n  f l a m e ,  l i t t l e  o x i d i z e r  i s  d e t e c t a b l e  w i t h i n  t h e  
r e a c t i o n  zone enve lope,  and l i t t l e  f u e l  i s  d e t e c t a b l e  o u t s i d e  o f  i t .  The r e a c -  
t i o n  zone i s  a v e r y  t h i n  enve lope,  and f u e l  and o x i d i z e r  c o n c e n t r a t i o n s  show a 
smal l  o v e r l a p p i n g .  I n  a t u r b u l e n t  d i f f u s i o n  f lame,  t h e  r e a c t i o n  zone i s  
t h i c k e r ,  and t h e  averaged v a l u e s  o f  f u e l  and o x i d i z e r  o v e r l a p  s i g n i f i c a n t l y .  
The r e a c t i o n  zone i s  now a f i n i t e  volume, even i f  always r e l a t i v e l y  s m a l l .  The 
i n t r o d u c t i o n  o f  t h e  g r a d i e n t  c o n c e n t r a t i o n  dependence o t h e r  t h a n  t h e  c o n c e n t r a -  
t i o n  dependence appears t o  l e a d  t o  a b e t t e r  s i m u l a t i o n  o f  t h e  t h i c k n e s s  of t h e  
r e a c t i o n  zone. 
CONCLUSIONS 
The paper has p r e s e n t e d  a n u m e r i c a l  method fo r  t h e  s t u d y  of s t e a d y ,  r e a c t -  
i n g  t u r b u l e n t  v i s c o u s  f low i n  two-d imensional  g e o m e t r i e s ,  b o t h  C a r t e s i a n  and 
a x i s y m m e t r i c .  
The proposed two-equat ion  K-E model ,  where low Reynolds number and com- 
p r e s s i b i l i t y  e f f e c t s  a r e  i n c l u d e d ,  and a m o d i f i e d  eddy-breakup model g i v e  a 
s a t i s f a c t o r y  d e s c r i p t i o n  o f  f l u i d  mechanics t u r b u l e n c e ,  c h e m i s t r y ,  and 
tu rbu lence-combust ion  i n t e r a c t i o n  w i t h i n  an e n g i n e e r i n g  a c c u r a c y .  
The pseudo-unsteady method w i t h  improved p e r t u r b a t i o n  p r o p a g a t i o n  p r o p e r -  
t i e s  and t h e  e x p l i c i t  m u l t i - s t a g e  d i s s i p a t i v e  Runge-Kutta a l g o r i t h m  appear  t o  
be f a s t  and r e l i a b l e .  
The a p p l i c a t i o n  o f  t h e  method t o  t h e  c o m p u t a t i o n  o f  t h e  t e m p e r a t u r e  d i s -  
t r i b u t i o n s  f o r  a d i f f u s i o n  and a premixed t u r b u l e n t  r e a c t i n g  f l ow  shows a 
s a t i s f a c t o r y  agreement between e x p e r i m e n t a l  and c o m p u t a t i o n a l  r e s u l t s .  
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FIGURE 2. - PREMIXED TURBULENT REACTING FLOW: PHYSICAL DOMAIN. FIGURE 1.  - SAMPLE COMPUTATIONAL DCf'!AIN AND 
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